This paper deals with semihyperbolic semigroups which are generated by entire (possibly transcendental) functions. In particular, a criterion is given assuring that a given entire semigroup is semihyperbolic. Note that a semihyperbolic semigroup G admit holomorphic scaling, that is to say, the branches of local inverses of functions f 2 G are of bounded degree and that the preimages shrink to zero in diameter.
Introduction
For a long time the notion`complex dynamics' has been associated with the dynamics of groups of M obius transformations or with the iteration of rational or transcendental functions. A few years ago, Hinkkanen and Martin have initiated the study of rational semigroups, that is to say, semigroups generated be rational functions or polynomials. In particular, each rational semigroup G is a subset of End(P 1 ), the set of holomorphic endomorphisms of the complex sphere P 1 . To each rational semigroup G one can attach its Julia set, J(G), and its Fatou set, F(G). We refer the reader to the second section for the precise de nitions. The purpose of the present paper is to give a su cient condition which assures a given entire semigroup, that is to say, a semigroup G End(C ), to have the property known as`holomorphic scaling'. Roughly speaking, this means that the branches of local inverses of functions f 2 G are of bounded degree, and that the preimages shrink to zero in diameter. We refer the reader to the Main Theorem, page 4, for the precise statement. This paper is organized as follows. In the next section we recall some basic notions and notations. There we will also state the Main Theorem. In the third section we give the proof of this main result. Finally, in the last section we give examples of entire transcendental semigroup which are semihyperbolic. This paper is based on earlier work of the authors: 10, 14].
Notations and basic facts
First, we set up some notations. For basic facts on iteration of rational (and, more generally, meromorphic) functions and the de nitions of Julia sets and Fatou sets we refer the reader to the monographs 1, 2, 13] and to the lecture notes 12]. Semigroups of rational functions or polynomials have been rst studied by Aimo Hinkkanen and Gaven Martin, for further details we refer to their fundamental work 8, 7, 6, 9, 5] . The dynamics of semigroups of meromorphic functions have been studied in 4]. Let ( ; ) denote the chordal metric on the Riemann sphere P 1 , and let T P 1 . We write (z; T) = (T; z) := inf f (z; w) j w 2 T g ; where z 2 P 1 , and de ne diam(T ) := sup f (z; w) j z; w 2 T g : For some number > 0 let D (z) := f 2 P 1 j (z; ) < g and U (T ) := S z2T D (z) = fz 2 P 1 j (z; T) < g. The terms`closure of T',`boundary of T', and`interior of T' refer to the closure, boundary, and interior of T with respect to the topology induced by . We write T or cl(T ) for the closure of T, @T for the boundary of T, and int(T ) for the interior of T.
Throughout this paper, f denotes an entire function, in other words, f is a holomorphic mapping from the complex plane C into itself. Clearly, f is a polynomial or an entire transcendental mapping: f 2 End(C ). For a moment we x an entire function f : C ! C . Throughout this paper, CV(f) denotes the set of critical values of f and AV(f) the set of asymptotic values of f. All important for dynamics of f is the set SV(f) of the so{called singular values of f, that is the set of values where at least one branch of the inverse of f is not well de ned as a holomorphic function. Note that a singular value of a transcendental function is either an asymptotic value or a critical value, in short: SV(f) = CV (f) AV(f). Clearly, each critical value is the image of some critical point, that is to say, for each critical value v 2 CV(f) there exists some preimage c 2 C(f) := fc 2 C j f 0 (c) = 0g. Throughout this paper denotes a certain branch of the inverse of f and we write f ?1 (T ) := fz 2 C j f(z) = T g, where T C .
Recall that polynomials do not have asymptotic values. In this paper we deal with subsets of and semigroups in End(C ).
De nition 1 A semigroup G End(C ) is called entire semigroup. It is called nitely generated if and only if it has a representation G = hf 1 ; : : : ; f n i for a nite nonempty subset ff 1 ; : : : f n g End(C ).
The set ff 1 ; : : : ; f n g is called set of generators of this group G. We de ne AV(G) := f2G AV(f) and SV(G) := f2G SV(f).
Remark. Throughout this paper we assume each set of generators to be minimal.
Let G be an entire semigroup generated by ff g 2 with some nite or in nite index set . For some word w n = fw n;1 ; : : : ; w n;n g 2 N , we de ne f wn := f w n;1 f wn;n .
Let S End(C ). In the sequel, S might be the sequence ff n g n2N of iterates f n of a xed function f 2 End(C ), a semigroup G End(C ), or an (in nite) subset of End(C ). The Fatou set F(S) is de ned as the set of all points z 2 C which have an open neighborhood U such that the family ffj U j f 2 Sg is normal. As usual, the complement J(S) := C n F(S) is called the Julia set of S. For some set T C we write S(T) := ff(z) j f 2 S; z 2 T g and S ?1 (T ) := fz 2 C j f(z) 2 T for some f 2 Sg. Note that if S is a semigroup, then for each f 2 S we have ff n g n2N S, and therefore F(S) F(ff n g n2N ) and J(ff n g n2N ) J(S). Lemma 1 Let G End(C ) be a (not necessarily nitely generated) semigroup and ff g 2 a set of generators of G, that is to say, G = hff j 2 gi. Then we have
Remark. Note that the semigroup G need not to contain the identity, thus the set of critical values corresponding to some critical point c of some f 2 G consists of f(c) and the G-orbit of f(c). For convenience, we de ne G := G fidg. Then the equation in the above lemma reads as follows:
De nition 2 (SH N ) Let G End(C ) be an entire semigroup and N 2 N. We de ne SH N to be the set of all points z 0 2 C such that there exists a neighborhood U of z 0 satisfying the following condition:
For every f 2 G and every component K of f ?1 (U) the mapping fj K : K ! U is a proper mapping with deg (fj K : K ! U) N.
Remarks.
1. It is all important, that the neighborhood U does not depend on the function f 2 G.
2. Note that the above de nition implies U not to contain some asymptotic value of some element f 2 G, since otherwise gj K : K ! U would not be a proper mapping.
De nition Note that this statement means, that each attractor of the dynamical system de ned by G is contained in SV(G)\F(G). This phenomenon is known in the theory of iterating single rational functions.
3 Limits for inverse mappings (b) Idea of the proof of Theorem 2
The next Main Lemma states that if some f{preimage T (for some f 2 G) of some attached square is`large' in diameter then the degree of fj T is`large'. Then we shall prove that if deg(fj T ) is`large' then some image of T is`large', cf Lemma 8. By induction one can prove that the attached square has to be`large', too. In other words: All preimages of an admissable square are`small' if the level is su ciently high, that is to say, if the admissable square is su ciently small. Again using Lemma 8 we nally prove that the degree of f restricted to some preimage T is`small'. By assumption A.3 and after choosing U small enough, we may assume that G(AV(G))\U = ;. Then fj V : V ! W is a covering for each simply connected domain W U, each f 2 G, and each connected component V of f ?1 (W ). In general, this covering will be a branched covering.
In particular, the degree of the mapping fj V : V ! W is always well de ned and nite. (ff k g k2N ) . Let W be the component of F(ff k g k2N ) containing D. After transition to a subsequence, we may and will assume the admissable squares Q k ;m k to converge to some point 2 U. Actually, is the limit of the centers of Q k ;m k as k tends to 1. By the de nition of the Fatou set this yields the sequence of functions f k j W to converge to the constant limit function g uniformly on compact subsets of W. This is a contradiction to assumption A.1. We now turn our attention to Corollary 3. Let fw n g n2N be a sequence of words w n of strictly increasing length. In particular, the length is converging to 1. Let 
Examples for a semihyperbolic semigroups
In this section we present some examples of semihyperbolic semigroups. Example 1. The rst example is a semihyperbolic entire transcendental semigroup which is not subhyperbolic. We consider the functions f(z):=2a e (z?a) 3 ? e ?a 3 ; a > 0 and g(z):= (e z ? 1) ; 2]0; 1 :
We begin with studying the function g. Clearly, the origin is an attracting xed point of g. Furthermore, it is the only singular value of g. In fact, it is an asymptotic value of g. Note that g is strictly monotonically increasing on the real axis. we obtain x a g =) g(x) 3 2 x : (1) Note that g is of nite type, in particular, g has neither Baker domains nor wandering domains. Thus the last formula implies a g ; 1 J(g).
We now turn our attention to f. Clearly, the origin is a xed point of f. 
Let w 2 ff; gg n be an n{word. By the equations (1) and (2) we obtain
In particular, this proves ! G (v) = f1g.
We summarize. First of all, we have SV(G) R. Consequently, C n R SH 1 : 
